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Abstract
We have carried out ab initio molecular-dynamics simulations for liquid
phosphorus under high temperature and high pressure in order to investigate the
microscopic mechanism of the recently observed liquid–liquid phase transition
of liquid phosphorus. We have successfully shown by our simulation that
the structural phase transition with increasing pressure corresponds to the
structural change from the molecular liquid composed of stable tetrahedral P4

molecules to the polymeric liquid with complex network structure and that the
calculated structure factors are in good agreement with those obtained by the
x-ray diffraction experiments. It is also found from our calculated electronic
structure that this structural change gives rise to the nonmetal–metal transition,
which is the transition from the nonmetallic molecular liquid to the metallic
polymeric liquid.

1. Introduction

It is well known that phosphorus (P) shows a wide variety of structural forms at ambient
pressure and temperature; a molecular solid, so-called ‘white’ P, comprising tetrahedral P4

molecules, a variety of ‘red’ P, which are usually amorphous states, and an orthorhombic
structure of ‘black’ P, consisting of puckered double layers of sixfold rings.

Recently, Katayama et al [1] have reported the x-ray diffraction results for a liquid–liquid
structural phase transition in liquid P, involving an abrupt, pressure-induced structural change
between two distinct liquid structures. They have shown that a small change of pressure at 1 GPa
results in a reversible transformation and that the transformation is expected to be a first-order
liquid–liquid phase transition from the low-density molecular liquid comprising tetrahedral P4

molecules into the high-density polymeric liquid, accompanied by a discontinuous change in
the density of liquid P.

As for the theoretical study on the structure of liquid P, Hohl and Jones [2] have performed
ab initio molecular-dynamics (MD) simulations for the liquid phases of ‘white’ P and shown
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that the P4 tetrahedral molecules that exist in liquid P at room temperature break into a polymeric
network at higher temperature under constant density. Their study showed that stable chemical
bonds in the P4 molecule break by thermally induced collisions between the P4 molecules due
to the high kinetic energy at high temperature. They only investigated the temperature effect
on the structure of liquid P. Quite recently, Morishita [3] has applied constant-pressure ab initio
MD simulation to liquid P and shown that the drastic change of the ionic configurations from
the molecular liquid into the polymeric liquid is induced by the applied pressure during the
simulations.

Although the electronic structures of the P4 molecule have been investigated on the basis
of the quantum chemistry [4,5], there have been few investigations for the electronic properties
of liquid P under high pressure and high temperatures. Therefore, in this paper, we focus on the
electronic properties, in particular, on the density or the pressure dependence of the electronic
states of liquid P, which are closely related to the liquid–liquid structural phase transition.

In this paper we apply the ab initio MD simulations to the two liquid Ps, i.e. the low-density
and the high-density liquids, corresponding to the low-pressure molecular liquid and the high-
pressure polymeric liquid, respectively. The purposes of this study are (1) to investigate the
structural and the electronic properties of both low-density and high-density liquids, (2) to
provide the microscopic interpretation of the characteristic features of the observed structure
factors and (3) to discuss the nonmetal–metal transition accompanying the structural phase
transition.

2. Method

To study the structure and the electronic states of liquid P, we carry out an ab initio MD simu-
lation, which is based on the density functional theory in the local-density approximation, the
pseudopotential theory and the adiabatic approximation. We minimize the Kohn–Sham energy
functional for a given ionic configuration by the conjugate-gradient method [6] and calculate
the electron density and the forces acting on ions based on the Hellmann–Feynman theorem.

We use the norm-conserving pseudopotential proposed by Troullier and Martins [7] for
the P atom. The non-local part of the pseudopotential is calculated using the Kleinman–
Bylander separable form [8]. The exchange–correlation energy is calculated in the local-
density approximation [9, 10]. The partial core correction [11] is taken into account to
guarantee the transferability of the employed pseudopotential. The fractional occupancies
of energy levels are introduced to ensure the convergence of the electronic states of metals.
The wavefunction, only sampled at the �-point of the Brillouin zone, is expanded with the
plane waves, and their cutoff energy is 15 Ryd, which is determined so as to converge the total
energy to within 1 mRyd/electron.

In our calculations, a cubic supercell is used and the periodic boundary condition is
imposed. The total number of atoms in the supercell is taken to be 100. The side of the cubic
cell is about 13–17 Å. As an initial configuration, P4 tetrahedral molecules are arranged on the
simple-cubic lattice.

A constant-temperature MD simulation is carried out using the Nosé–Hoover thermostat
technique [12, 13]. The classical equations of motion are solved using the velocity–Verlet
algorithm. Our simulation is carried out for 7.2 ps with the time step of 3.6 fs after the
thermal equilibrium state is achieved. The temperature is taken to be 1350 K and the observed
densities [1] are used in our calculation for liquid P.
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(a) (b)

Figure 1. The snapshots of ionic configurations and the electron density distribution for liquid P
with (a) the high density ρ = 2.8 g cm−3 and (b) the low density ρ = 1.7 g cm−3. P ions are shown
by white balls and the P–P bonds are drawn for P ion pairs within the cut-off distance of 2.6 Å.

3. Results and discussions

3.1. The structural properties

In figures 1(a) and (b) we show the snapshots of the ionic configurations obtained by our
ab initio MD simulations for the high-density liquid (ρ = 2.8 g cm−3) and the low-density
liquid (ρ = 1.7 g cm−3), respectively, which show qualitatively different features. In the
high-density liquid, the polymeric structure is obtained, where P–P bonds sometimes break
and rearrange to form bonds with the other P ions. In the low-density liquid, the tetrahedral
P4 molecules are formed and they are very stable in the sense that they never break during
our simulation. The existence of the strong chemical bonds within the P4 molecules in the
low-density liquid is evident from the electron density distribution with the bond charges as
shown in figure 1(b) and also from the high first peak of the radial distribution function g(r) as
shown in figure 2. For the polymeric liquid the first peak of g(r) is not so high and its structure
has a similar feature to that of ordinary s–p liquid metal. The position of the first peak of
g(r), r = 2.28 Å, is consistent with the P–P bond length within P4 tetrahedral molecules in
the white P crystal.

The coordination number around a P atom is three for the perfect tetrahedral P4 molecule.
Figure 3 shows the distribution functionP(n), which is defined as the probability that a P ion has
n neighbouring P ions within the first coordination shell, of radius 2.6 Å. It is seen from figure 3
that twofold- and fourfold-coordinated ions are not found in the low-density liquid, which arises
from the fact that perfect tetrahedral P4 molecules are formed in the low-density liquid. For the
high-density liquid, though P(n) has the maximum at the threefold coordination, there exist a
considerable number of P atoms with twofold and fourfold coordinations, which results from
the fact that bond breaking and bond rearrangements occur frequently in the polymeric liquid
P. The ionic structure of the high-density liquid is expected to reflect that of the amorphous
‘red’ P and orthorhombic ‘black’ P. This is evident from the bond-angle distribution of the
high-density liquid, which shows the maximum in the range from 90◦ to 110◦, corresponding
to the bond angle 103◦ of the ‘red’ P and 96◦ and 103◦ of the ‘black’ P [14].

To compare our results of calculations with the experimental ones obtained from the x-ray
diffraction by Katayama et al [1], we calculate the structure factors S(k) which are defined by

S(k) = 1

N

〈∣∣∣∣
N∑
µ=1

e−ik·rµ
∣∣∣∣
2〉
, (1)
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Figure 2. The g(r) for liquid P with the low density (full curve) and the high density (broken
curve).
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Figure 3. The distribution function P(n) for the coordination number of P ions in liquid P.

using the positions of ions {rµ} obtained by our ab initio MD simulation. Here N is the
number of ions and the brackets 〈· · ·〉 mean the time average. Figure 4 shows the calculated
structure factors and those obtained from x-ray diffraction. The calculated S(k) for the
high- and low-density liquid are in good agreement with the experimental results obtained
for P = 1.01 GPa and P = 0.77 GPa, respectively. It should be noted from figure 4 that the
characteristic feature of S(k) changes drastically when the density or the pressure changes.

These features can be explained on the basis of the obtained ionic configurations. The
high prepeak of S(k) at k 	 1.5 Å−1 in the low-density liquid originates from the correlation
between P4 tetrahedral molecules, which is evident from the correlation function Stetra−tetra(k)
between the centre of mass of the tetrahedral P4 molecules as shown in the upper panel of
figure 4, where the main peak of Stetra−tetra(k) originates from the correlation between the P4

tetrahedral molecules and its position corresponds to that of the prepeak of S(k). It is therefore
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Figure 4. The bottom panel shows the S(k) for liquid P with low density (open circles) and
high density (open squares). The full curve shows the experimental results at the corresponding
pressure. The upper panel shows the pair correlation function between the centres of mass of the
P4 tetrahedral molecules for the low-density liquid P.

concluded that the prepeak of S(k) originates from the correlation between the P4 tetrahedral
molecules and also that the observed high prepeak proves the existence of stable P4 tetrahedral
molecules. The second peak of S(k) originates from the mean distance of P atoms, since the
value of k 	 3.5 Å−1 corresponds, using the rule of thumb kr = 7.7 [15], to the reciprocal
real-space distance r 	 2.4 Å at which the first peaks of g(r) appear, as seen in figure 2.

We found the tendencies toward the first-order phase transition by performing the
simulations at various densities ranging from the low density, ρ = 1.7 g cm−3, to the high
density, ρ = 2.8 g cm−3. Beginning at ρ = 1.7 g cm−3, we perform simulations with
increasing density according to the above procedures of calculation. A sudden structural
change from the molecular liquid to the polymeric liquid occurs at ρ = 2.0 g cm−3, where
there exist no stable P4 tetrahedral molecules and the structural properties are similar to those
of the polymeric liquid.
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3.2. The electronic properties

The electronic densities of states (DOSs) are obtained by sampling 10 k-points of the Brillouin
zone and by averaging over some ionic configurations. The lth component of the DOS is
calculated by projecting the wavefunctions on the spherical harmonics within a sphere of
radius Rc centred at each µth atom, the position of which is rµ, as

Dl(ε) =
N∑
µ=1

∑
α

l∑
m=−l

∫ Rc

0
|r − rµ|2 d|r − rµ|

∣∣∣∣
∫
Y ∗
lm(�µ)ψα(r) d�µ

∣∣∣∣
2

δ(ε − εα)

/
N, (2)

where N is the number of ions, ψα(r) is the wavefunction of the αth state with the eigenvalue
εα and Ylm(�µ) is the spherical harmonic with an angular momentum l, which is centred at
the µth ion. Rc is chosen to be about half of the average nearest-neighbour distance, on which
the DOS does not depend significantly. Figures 5(a) and (b) thus show the calculated total and
partial DOSs for the high-density and the low-density liquid P, respectively, where the origin
of the energy is taken to be the Fermi level.

We also show the distributions of the electron density in figures 1(a) and (b), where
the contour maps of the electron density distribution are displayed together with the ionic
configurations.

3.2.1. The metallic liquid. It is seen from figure 5(a) that the DOS below the Fermi level
consists of two wide bands, and they spread around the atomic energy levels 3s and 3p, which
are indicated in the figure by solid circles. In the high-density liquid, the packing of P ions
is dense, which leads to a large degree of overlap of s and p wavefunctions of the P atom,
and gives rise to these wide energy bands. The band ranging from −17 to −8 eV is mainly
contributed from the s states and another band ranging from −8 eV to the Fermi level originates
mainly from the p states. A considerable amount of the states around the Fermi level, though a
small dip exists there, indicates the metallic property of the high-density liquid P, which is also
seen from the distribution of the electron density shown in figure 1(a) as a spatially spreading
distribution.

3.2.2. The non-metallic liquid. It is seen from figure 5(b) that the DOS for the low-density
liquid is quite different from that for the above-mentioned high-density liquid. The ‘s band’
now splits into two narrow bands at around −15 and −9 eV, and also the ‘p band’ is divided
into two bands, the Fermi level falling between these two bands. This electronic structure can
be explained by association with that of the tetrahedral P4 molecule, whose energy levels are
indicated by solid triangles together with the degeneracies in the parentheses in figure 5(b). It
is seen from figure 5(b) that the energies of the narrow bands correspond to the energy levels
of the P4 molecule. A small overlap of the molecular orbitals of the P4 molecules leads to the
narrow band widths for the low-density liquid P.

The feature of this band structure is characterized by the energy gap around the Fermi
level, which is closely associated with the stable chemical bond within the P4 tetrahedral
molecule. We pick up two eigenstates from the calculated electronic states as indicated by
arrows in figure 5(b); one state is the highest occupied state (HOS) and the other is the lowest
unoccupied state (LUS), and the distributions of wavefunctions of the two states are shown
in figures 6(a) and (b), respectively, together with the ionic configuration. The blue and red
regions show the different signs of the wavefunction. The wavefunction of the HOS shows
the same sign along the two P atoms within a P4 tetrahedral molecule, which means that the
HOS and the states with similar eigenenergies to it contribute to the bonding between two P
atoms within the P4 tetrahedral molecule. The wavefunction of the LUS, in contrast to that
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Figure 5. The total and the angular-momentum-decomposed density of states for (a) the high-
density and (b) the low-density liquid P. The energy levels of a P atom and a tetrahedral P4 molecule
in the gas phase are indicated by the solid circles and the solid triangles, respectively, together with
the degeneracies in parentheses.

of the HOS, shows the opposite sign between the two atoms, which indicates an anti-bonding
character between the two P atoms, and so the LUS has an energy eigenvalue higher than
that of the HOS. The Fermi level falls between the HOS and the LUS, which results in the
non-metallic behaviour of the low-density liquid P.

This non-metallic property is also seen from the electron density distribution shown in
figure 1(b). The electron density distribution is spatially localized around the P4 tetrahedral
molecules, in which the stable chemical bond is formed. This is in contrast to that of the
metallic state of the high-density liquid P shown in figure 1(a).

3.3. Comparison of liquid P with the liquid alkali–Pb alloys

We have found that liquid P shows a similar structural change as that of liquid alkali
(Li, Na, K)–Pb alloys; there are tetrahedral Pb4 molecules, which have similar properties
as P4 tetrahedral molecules have not only in their geometrical tetrahedral structure, but also in
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(a) (b)

Figure 6. The distributions of the wavefunction of (a) the highest occupied state and (b) the lowest
unoccupied state, which are indicated by arrows in figure 5. The blue and the red regions show the
opposite sign of the wavefunction.

the electronic structure [16–18]. We have carried out the ab initio MD simulations for some
compositions of the liquid Li–Pb, Na–Pb and K–Pb alloys, and found that the polymeric
structure of Pb ions is seen in the higher density of Pb ions, while the tetrahedral Pb4

molecules exist stably when the number density of Pb atoms is lower. This is analogous
to the structural transition of liquid P between the polymeric liquid and the molecular liquid
composed of tetrahedral P4 molecules. Moreover, it has been considered that the negatively
charged Pb4−

4 Zintl ions in the liquid alloys have the same electronic structure as the P4

molecules [15, 17].
The DOS of the low- and the high-density liquid P have similar features to those of liquid

alkali–Pb alloys. In the case of the liquid K–Pb alloys [17], the Pb-rich liquid alloys have wide
bands of the partial DOS for Pb atoms. When the density of Pb ions is lower, the tetrahedral
Pb4 molecules are formed, and the electronic structure of the partial DOS for Pb changes into
an assembly of narrow bands, which are related to the eigenenergies of the Pb4 molecule.

4. Conclusion

The structural and the electronic properties of liquid P under high temperature and high pressure
are investigated by ab initio MD simulations in order to clarify the microscopic mechanism of
the observed liquid–liquid structural phase transition of liquid phosphorus. For the low-density
liquid, tetrahedral P4 molecules exist as isolated molecules with high stability and they do not
break within our simulation time. For the high-density liquid, on the other hand, no tetrahedral
structure is found, but rather a complex polymeric structure of liquid P is seen. From these
structural properties and the electronic properties obtained by our ab initio MD simulations,
we can conclude that the liquid–liquid phase transition observed by Katayama et al in liquid
P corresponds to the structural change from the molecular liquid to the polymeric liquid.

It is also found from the electronic structure obtained by our simulation that this structural
transition is accompanied by the metal–nonmetal transition between these two phases and
that the mechanics of the metal–nonmetal transitions is closely associated with the existence
of the P4 molecules. We have explained the microscopic mechanism of the metal–nonmetal
transition on the basis of the calculated electronic states and the ionic configurations.
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